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4-node QUAD element

natural coordinate system cartesien coordinate system
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Isoparametric mapping

vectors of nodal coordinates
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Isoparametric mapping - the same
functions are used to describe the
geometry and displacements
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Isoparametric mapping

let’s construct shape functions:
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Shape functions of a 4-node element
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Isoparametric mapping
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Isoparametric mapping - the same
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/

-
__—’

position and displacement
of any point

where: LN(s,y)j =] /V4/ Nz /N3/A/9J

1< 4

Y (W)J =

2x8

N,1 ¢! NZO’\‘sONQo
O N, 0N, © Ng ©ONg

|




Differential operators in the natural system
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Differential operators in the Cartesian coordinate system
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Gradient matrix for Plain stress or Plain strain condition
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Elastic strain energy in a finite element
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Splitting the elastic strain energy into that due to normal stresses and that due to shear stresses
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Splitting the elastic strain energy into that due to normal stresses and that due to shear stresses
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Example 4-node quadrilateral element
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Strain-displacement matrix:
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Strain-displacement matrix:
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The matrix contains linear terms with respect to the natural coordinates
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Strain-displacement matrix :
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i L?//; ¥ L-m | Case 1. Let's consider the "Bending" deformation in the 4node element
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Beam theory: Pure beam bending (no shear)
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Strain and stress components at the center (point C):
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There is no strain or stress at the center point!
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If we calculate the strains in an element from the strain-displacement matrix:
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We will calculate the components of the stress state using the matrix of elastic constants:
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Let’s use numerical integration with one Gaussian point

Numerical integration n=1

Let's calculate the elastlc strain energy in the element:
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Let's try to calculate the elastic strain energy of the element again in a different way:

e = 2 S [;i—."{s}dﬂe = i:’%}f Lfg,‘z).l' 6(3,%)}-&&[3(3,%)]-005082:
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Wi L€ lfjcl thﬂ Gx B { Of
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o O O C
Ty 0

= ” ’Z: O “ 6'-:. O As we can see, the elasticstrain
K € | e energy due to normal and
shear stress is zero.
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We use numerical integration with two Gaussian points
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Let's try to calculate the elastic strain energy of the element again differently (separately
for normal stress and separately for shear stress):

s = £19dc - ] {50 10) (eelsnl et sl J9f, =

1%8§ -A slf gqu =% 5-“3

= O, 'IO 9 9 N mm Elastic strain energy due to normal stress

A 1
a7« £t Sl bt b, fi -

__4 -4 3<% %% 258

= 0,0684 Nwm

Elastic strain energy due to shear stress
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Elastic strain energy (comparison for different numbers of integration points)

n=14

/ * \\ V‘J‘W1:4

1 2

hy = 4134 [<le {37, =0

Ix{ gt feL

U=t Lgde (ke [k 1, 9%

{x§ fxt B

U= £ ghe [, 18, = 0

{*f <€

Zero energy mode (,,hourglassing” )

Numerical integration

[/{/G = 0,{?@3 Nimm

M«CG- = 1 {299 Nmm

Nonzero
v | 68 N rmm shear stress
(/(e = 0’ 0 4 energy!

(Mer(":— 38%(/{5 2/

The element is more rigid
(,shear locking” )
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1‘;/ .- | Case 2. Let's consider the "Shear" deformation

/////®
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Estimation of strain and stress state:
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Let's calculate the strains in the element from the strain-displacement matrix:

@

€2

—T=

= R !
{‘f [ ?, Jé I
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/
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)
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e
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. 0.3

We will calculate the components of the stress state using the matrix of elastic constants:
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Elastic strain energy (comparison for different numbers of integration points)

L Numerical integration
n=
r‘r\-—?
/ / : -
/ * ! Wq Wq = 4

U, = 4194 [K]; fofe=tost  |fo = 0.05ENM

» 6'_: 0 T= ﬂe

The value is identical regardless
of the number of Gauss points
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Case 3. Let's consider the deformation "Bending + Shear"(superposition 1+2)
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Let's calculate the strains in the element from the strain-displacement matrix:
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Elastic strain energy (comparison for different numbers of integration points)

n=21
e = 7 L3/e U‘Jc {9 = 0.0513
ixf §x§ &L Nmm

=4 - 0
Ue =3 LT e [’fg ]zfﬁc Voo

{x?

acf‘f L94e [’C,ﬂ{?fe = 0.0513 N
=4 o5 M&

Numerical integration
J n=2

We = 022355 Nem

Mecc 0.(p99 Nuw

Ue = O.1197 N

U= 52% U

r 7 -
Uy [1se8) = e (e e e
=%dé T 0.051%3 ) Nmm = [ 119 7Nmm

»Shear locking”
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Summary

CASEE n=41. n= 2
© T .
U ¥ Ue Ue We (,{,ef: Ue® | We
A. wBENDING " ¢ o) 0 |0.40%3 0.0684 (0.4783
f t
2. suese 0 0.0513 | 0,0651% O 0512 0.0513
oY 0 | 0.051% 0,0513 0.4099 [0.{19% 0.22955
2. \ BENDING + SHERR . ° - “ -
¢ o+ (0.0684+ |6.0513+
(gro]  svosty (0+0.05m) (0.4099) /‘0.0513) 0.4783
,hourglassing” _shear locking”
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What to do to improve results?

),kl = [—k‘é]a +Q(3]c
Km

/

n
. t 1
Conslusions: 1
(element X x
technology) Eunz) | (S21m2) | 3
-1 1 3 -1 1
x x
($1,m1) (§2,m1)
-1 -1
Full integration Reduced integration
], =t SS(CeTToI0B Tutfital) &gy
-1~

(], = te §(CeaTLoV8 Tt Bga,

=41

42




Mixed quadrature rule
Full integration (n = 2) : Mg —Z L?JC [ké ]Zf;f ) /099 Ny
{xf

Reduced integration (n = 1) : ({e =3 L7Je [k y }{9{6. 0.0513 Nnm
= Ue

¢
Ye = Ue + 5= D.06417 Nmm
%( /[asef/ = Vc?fmﬂf’ @Z/&uczj
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— shear locking:

—
~__~
—
—_—
~~
—
~~
~~
—_—
—
—
-_—,

FE model with
shear locking

Rozwigzanie

— hourgalssing: analityczne

— volumetric locking in nearly incompressible materials
(v=0.5)
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Element Technology — Linear Materials

Poi 's ratio > 0.49
Element Stress State Poisson's ratio <= 0.49 0|s'son s ra,‘ 0 .
(or anisotropic materials)
KEYOPT(1) = 2 KEYOPT(1) = 2
Plane stress . . . .
(Enhanced strain formulation) (Enhanced strain formulation)
PLANE182 KEYOPT(1) =3
N ()= : KEYOPT(1) = 2
Not plane stress (Simplified enhanced strain . .
. (Enhanced strain formulation)
formulation)
Plane stress No change No change
PLANE183
Not plane stress No change No change
KEYOPT(2) =3
EYOPT(2)=2
SOLID185 (Simplified enhanced strain KEYO T( ) .
. (Enhanced strain formulation)
formulation)
SOLID186 . KEYOPT(Z)‘= 0 . . KEYOPT(Z)': 0 .
(Uniform reduced integration) (Uniform reduced integration)
SHELL281 No change No change

(+additional shape features)
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Shear Locking and Hourglassing in MSC Nastran, ABAQUS, and
ANSYS
Eric Qiuli Sun

Abstract

A solid beam and a composite beam were used to compare how MSC Nastran, ABAQUS, and ANSYS
handled the numerical difficulties of shear locking and hourglassing. Their tip displacements and first
modes were computed, normalized, and listed in multiple tables under various situations. It was found
that fully integrated first order solid elements in these three finite element codes exhibited similar
shear locking. It is thus recommended that one should avoid using this type of element in bending
applications and modal analysis. There was, however, no such shear locking with fully integrated
second order solid elements. Reduced integration first order solid elements in ABAQUS and ANSYS
suffered from hourglassing when a mesh was coarse. If there was only one layer of elements, the
reported first mode of the beam examples from ABAQUS and ANSYS was excessively smaller than
the converged solutions due to hourglassing. At least four layers of elements should, therefore, be used
in ABAQUS and ANSYS. MSC Nastran outperformed ABAQUS and ANSY'S by virtually eliminating
the annoying hourglassing of reduced integration first order 3D solid elements because it employed
bubble functions to control the propagation of non-physical zero-energy modes. Even if there was only
one layer of such elements, MSC Nastran could still manage to produce reasonably accurate results.
This is very convenient because it is much less prone to errors when using reduced integration first
order 3D solid elements in MSC Nastran.

https://moodle.umontpellier.fr/pluginfile.php/480056/mod resource/content/0/Sun-
ShearLocking-Hourglassing.pdf
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